The greatest integer that does not belong to a numerical semigroup S is called the Frobenius number of S and finding the Frobenius number is called the Frobenius problem. In this paper, we introduce the Frobenius problem for numerical semigroups generated by Thabit number base b and Thabit number of the second kind base b which are motivated by the Frobenius problem for Thabit numerical semigroups. Also, we introduce the Frobenius problem for numerical semigroups generated by Cunningham number and Fermat number base b.
Introduction
Let N be the set of nonnegative integers. Definition 1.1. [21, 24] A numerical semigroup is a subset S of N that is closed under addition, contains 0 and N\S is finite. Given a nonempty subset A of N we will denote by A the submonoid of (N, +) generated by A, that is, A = {λ 1 a 1 + · · · + λ n a n |n ∈ N\{0}, a i ∈ A, λ i ∈ N for all i ∈ {1, · · · , n}}.
The greatest integer that does not belong to a numerical semigroup S is called the Frobenius number of S and is denoted by F (S). In other words, the Frobenius number is the largest integer that cannot be expressed as a sum n i=1 t i a i , where t 1 , t 2 , ..., t n are nonnegative integers and a 1 , a 2 , ..., a n are given positive integers such that gcd(a 1 , a 2 , ..., a n ) = 1. Finding the Frobenius number is called the Frobenius problem, the coin problem or the money changing problem. The Frobenius problem is not only interesting for pure mathematicians but is also connected with graph theory in [10, 11] and the theory of computer science in [17] , as introduced in [16] . There are explicit formulas for calculating the Frobenius number when only two relatively prime numbers are present [28] . Recently, semi-explicit formula [19] and a special case [31] for the Frobenius number for three relatively prime numbers are presented. And finally, completed explicit formula was presented in 2017 [32] .
F. Curtis proved in [6] that the Frobenius number for three or more relatively prime numbers cannot be given by a finite set of polynomials and Ramírez-Alfonsín proved in [18] that the problem is NP-hard. Currently, only algorithmic methods for determining the general formula for the Frobenius number of a set that has three or more relatively prime numbers in [3, 4] exist. Some recent studies have reported that the running time for the fastest algorithm is O(a 1 ), with the residue table in memory in [5] and O(na 1 ) with no additional memory requirements in [4] .In addition, research on the limiting distribution in [29] and lower bound in [1, 7] of the Frobenius number were presented. From an algebraic viewpoint, rather than finding the general formula for three or more relatively prime numbers, the formulae for special cases were found such as the Frobenius number of a set of integers in a geometric sequence in [15] , a Pythagorean triples in [8] and three consecutive squares or cubes in [12] . Recently, various methods for solving the Frobenius problem for numerical semigroups have been suggested in [2, 20, 24, 25] , etc. In particular, a method for computing the Apéry set and obtaining the Frobenius number using the Apéry set is an efficient tool for solving the Frobenius problem of numerical semigroups as reported in [14, 24, 26] . Furthermore, in recent articles presenting the Frobenius problems for Fibonacci numerical semigroups in [13] , Mersenne numerical semigroups in [23] , Thabit numerical semigroups in [21] and repunit numerical semigroups in [22] , this method is used to obtain the Frobenius number.
The Frobenius problem in the numerical semigroups {3 · 2 n+i − 1|i ∈ {0, 1, · · · }} for n ∈ {0, 1, · · · } was presented in [21] . In [21] , the authors recall that a Thabit number 3 · 2 n − 1 and Thabit numerical semigroups T (n) = {3 · 2 n+i − 1|i ∈ {0, 1, · · · }} for a nonnegative integer n and they used the definition of the minimal system of generators for T (n) as the smallest subset of {3 · 2 n+i − 1|i ∈ N} that equals T (n). In [21] , the minimal system of generators for T (n) is {3 · 2 n+i − 1|i ∈ {0, 1, · · · , n + 1}} , and it is unique. The embedding dimension is the cardinality of the minimal system of generators. By the minimality of the system {3 · 2 n+i − 1|i ∈ {0, 1, · · · , n + 1}} for T (n), the embedding dimension for T (n) is n + 2. For any set S and x ∈ S\{0}, the Apéry set was defined by Ap(S, x) = {s ∈ S|s − x ∈ S}. Let s i = 3 · 2 n+i − 1 for each nonnegative integer i. Then, the Apéry set is defined by Ap(T (n), s 0 ) = {s ∈ T (n)|s − s 0 ∈ T (n)} for s 0 . In [21] , Ap(T (n), s 0 ) was described explicitly leading to a solution to the Frobenius problem. Let R(n) be the set of sequences (t 1 , · · · , t n+1 ) ∈ {0, 1, 2} n+1 that satisfy the following conditions:
Then [21] concludes that Ap(T (n),
Frobenius number of the numerical semigroups was presented by F (S) = max(Ap(S, x))− x in [24] and therefore the Frobenius number of Thabit numerical semigroups is s n +s n+1 − s 0 = 9 · 2 2n − 3 · 2 n − 1. Also, an extended result of [21] have been suggested in 2017 which dealt the numerical semigroups
. In other words, the coefficient 3 in Thabit numerical semigroups was extended. Also, we suggested an extended result of [21] which extended the coefficients 3 and 1 in Thabit numerical semigroups. The form of numerical semigroup is as follows:
The first principal purpose of this paper is to solve the Frobenius problem for numerical semigroups generated by Thabit number base b defined by {(b+1)·b n+i −1|i ∈ {0, 1, · · · }} for n ∈ {0, 1, · · · } to generalize the result in Thabit numerical semigroups in [21] . We define the minimal system of generators and the Apéry set of Thabit numerical semigroups base b. In addition, we discuss the Frobenius number and genus in these numerical semigroups. The paper in [21] is the case of b = 2 in this paper.
The second purpose of this paper is to solve the Frobenius problem for numerical semigroups generated by Thabit number of the second kind base b defined by {(b+1)·b n+i +1|i ∈ {0, 1, · · · }} for n ∈ {0, 1, · · · } and b ≡ 1 (mod 3).
The third purpose of this paper is to solve the Frobenius problem for numerical semigroups generated by Cunningham number defined by {b n+i + 1|i ∈ {0, 1, · · · }} for n ∈ {0, 1, · · · } and even positive integer b.
The fourth purpose of this paper is to solve the Frobenius problem for numerical semigroups generated by Fermat number base b defined by {(b
The remainder of this paper is organized as follows: In Section 2, we compute the minimal system of generators and the embedding dimension for Thabit numerical semigroups base b. In Section 3, a method for obtaining the Apéry set and Frobenius number, genus for Thabit numerical semigroups base b. In Section 4, we suggest the results of minimal system of generators, embedding dimension, the Apery set, and Frobenius number of Thabit numerical semigroups of the second kind base b without the proofs. In Section 5, we suggest the results of minimal system of generators, embedding dimension, the Apery set, and Frobenius number of the Cunningham numerical semigroups without the proofs. In Section 6, we suggest the results of minimal system of generators, embedding dimension, the Apery set, and Frobenius number of the Fermat numerical semigroups base b without the proofs. Some theorems and definitions essential to understanding this paper are provided below. 
Definition 1.14. [21, 24] We call the greatest integer that does not belong to S the Frobenius number of S denoted by F (S) and the cardinality of N\S is called the genus of S and denoted by g(S).

The embedding dimension for T b (n)
If n, b ∈ N and b ≥ 2, then T b (n) is a submonoid of (N, +). Moreover we have
|b−1 and h ∈ N then g|1 and hence gcd(T b (n)) = 1 and T b (n) is a numerical semigroup. 
The proof of the above lemma is similar to that of lemma 1 in [21] , and it is a special case of the lemma 2 in [22] .
The proof of the above proposition is similar to that of proposition 2 in [21] . We need some preliminary results to find out the minimal system of generators of T b (n).
Proof. The proof of the above lemma is similar to that of lemma 3 in [21] and the result can be obtained easily by the equation as follows:
A system of generators of GT (n, k) will be given in the next lemma; note that it is not a minimal system of generators in the general case.
Proof. This proof is similar to the proof of Lemma 4 in [21] .
In addition, we suggest a conclusion for a minimal system of generators of T b (n) in the following theorem.
In addition, it is clear that t = 0 and thus n j=0 a j ≥ 1 + (b + 1) · b n . Combining these results, we obtain the inequality
This completes the proof.
By Theorem 2.5, we can identify the embedding dimension of T b (n) for all n, b ∈ N and b ≥ 2. Gathering all this information we obtain that for each integer t greater than or equal to two, there exists a Thabit numerical semigroup base b T b (n) with embedding dimension t.
is a Thabit numerical semigroup base b with embedding dimension 0 + 2 = 2. 3 The Apéry set for T b (n) Let S be a numerical semigroup and let x ∈ S\{0}. The Apéry set of x in S is defined as Ap(S, x) = {s ∈ S|s − x ∈ S} in [24] . From [24] , we easily deduce the following Lemma.
Lemma 3.1. [24] Let S be a numerical semigroup and let x ∈ S\{0}. Then Ap(S, x) has cardinality equal to x. Moreover Ap(S, x) = {w(0), w(1), · · · , w(x − 1)} where w(i) is the least element of S congruent with i modulo x for all i ∈ {0, · · · , x − 1}. Example 3.2. Let S = {7, 11, 13} . Then S = {0, 7, 11, 13, 14, 18, 20, 21, 22, 24, 25, 26, 27, 28, 29, 31 , →} where the symbol → means that every integer greater than 31 belongs to the set. Hence Ap(S, 7) = {0, 11, 13, 22, 24, 26, 37}.
The relation among the Frobenius number, genus and Apéry set of a numerical semigroup is provided in the following lemma.
Lemma 3.3. [24, 27] Let S be a numerical semigroup and let x ∈ S\{0}. Then,
Henceforth, we will denote by s i the elements (b+1)·b n+i −1 for each i ∈ {0, 1, · · · , n+ 1}. Thus, with this notation, {s 0 , s 1 , · · · , s n+1 } is the minimal system of generators of T b (n). 
Proof. (1) The proof is similar to that of (1) of Lemma 9 in [21] . (2) It can be derived directly by the equation as follows:
By lemma 3.4, we can consider the set of coefficients (t 1 , · · · , t n+1 ) such that the expressions n+1 j=1 t j s j represent all elements in Ap(T b (n), s 0 ). We will follow a step by step approach to establish the set of coefficients (t 1 , · · · , t n+1 ). First, we obtain the set of coefficients (t 1 , · · · , t n+1 ) such that n+1 j=1 t j s j contains all elements that are in Ap(T b (n), s 0 ), but that might not be equal. We can obtain the set by the following lemma.
Proof. The overall proof is the same as that of the lemma 10 in [21] and I will show that bs n+1 ∈ Ap(T b (n), s 0 ) in corollary 3.8.
Note that contrary to this lemma, x ∈ T (n) implies that x − 1 ∈ T (n) in [21] . Lemma 3.6 is very important since gcd(b − 1,
is a complete system of residues modulo s 0 and hence we obtain the following lemma. 
From this lemma and the fact that s i ≡ b i − 1 mod s 0 , we can prove the following corollary previously announced in lemma 3.5.
Proof. We already know from the proof of lemma 3.4 that s i + bs n+1 ∈ Ap(T b (n), s 0 ) for all i ∈ N. Therefore, if bs n+1 ∈ Ap(T b (n), s 0 ), it can be expected to be a maximal element. Since
By combining lemma 3.7 and corollary 3.8, we obtain the following corollary.
Corollary 3.9.
Proof. By corollary 3.8, we observe that the condition t n+1 ≤ b − 1 should be satisfied to
and it is the maximal number of the form n+1 j=1 t j s j , it completes the proof. By combining corollary 3.9 and lemma 3.3, we obtain the Frobenius number of numerical semigroups generated by Thabit number base b. Theorem 3.10.
Example 3.11. Let b = 2. Then we obtain
It is the Frobenius number of Thabit numerical semigroups suggested in [21] .
Let R b (n) be the set of the sequences (t 1 , · · · , t n+1 ) ∈ A b (n) that if t n+1 = b − 1, it satisfies the following conditions:
Then, we obtain the following lemma:
Lemma 3.12.
n − 1 suffices for the proof. We classify the cases to obtain the cardinality, as follows:
1. If t n+1 ≤ b − 2, then it can be again classified into two cases, as follows:
(b) Let b ∈ {t 1 , · · · , t n } . If t i = b for some i ∈ {1, · · · , n}, then t j = 0 for all j < i and t j ∈ {0, 1, · · · , b − 1} for all i < j ≤ n. Hence, #R b (n) in this case is b n−i . Thus, we use summation to determine #R b (n) for (1b):
2. If t n+1 = b − 1, then it can be again classified into two cases as follows:
(a) Let t n = b − 1. Then the only possible case is (t 1 , · · · , t n−1 ) = (0, · · · , 0).
n − 1 by substituting n − 1 instead n in the case 1.
Hence, we can conclude that #R
To obtain the genus of the numerical semigroups generated by Thabit number base b, we have to check the number of elements in R b (n) when one element t i is fixed. Lemma 3.13. Let i ∈ {1, 2, · · · , n + 1} where n ≥ 2 be an integer. Then,
Lemma 3.14. Let i ∈ {1, 2, · · · , n − 1} where n ≥ 2 be an integer. Then,
Proof. Let i ∈ {1, · · · , n − 1}. Then it can be classified into two cases as follows
Lemma 3.15. Let n ≥ 2 be an integer. Then,
Proof. Let i = n. Then it can be classified into two cases as follows
Lemma 3.16. Let n ≥ 2 be an integer. Then,
Lemma 3.17. Let n ≥ 2 be an integer. Then,
Proof. Let i = n + 1. Then it can be classified into two cases as follows
2. If b ∈ {t 1 , · · · , t n }, it can be again classified into two cases as follows
Lemma 3.18. Let n ≥ 2 be an integer. Then,
By combining the above lemmas, we obtain the genus of T b (n). 
Proof. Suppose that n ≥ 2 and from lemma 3.3, we know the formula for genus of T b (n) as follows
We start with
bs n .
By lemmas 3.14, 3.15, 3.16, 3.17, 3.18, we obtain that
Hence,
We summarize all of our results by suggesting an example.
Example 3.20. In the case of n = 1,
Corollary 4.5. In a similar way, we obtain the explicit form of the Apery set of Thabit numerical semigroups of the second kind base b for n = 0 and n = 1 and we obtain the genus of Thabit numerical semigroups of the second kind base b for n = 0 and n = 1.
If n
} is a complete system of residues modulo b + 2. Hence, we obtain
} is a complete system of residues modulo b 2 + b + 1. Hence, we obtain
Corollary 4.6. We obtain the maximal element in the Apery set of Thabit numerical semigroup of the second kind base b and the Frobenius number of this semigroup is obtained immediately as follows:
Finally, we obtain the genus of Thabit numerical semigroups of the second kind base b for n ≥ 2. 
The Results of the semigroups {b n+i + 1|i ∈ N} for 2|b Theorem 5.1. If n, b ∈ N, 2|b and n = 0, then {b n+i +1|i ∈ {0, 1, · · · , n}} is a minimal system of generators.
Corollary 5.2. Let n, b ∈ N, 2|b and let SC + (b, n) be a Cunningham numerical semigroup associated with n and b. Then e(SC + (b, n)) = n + 1.
We define RC b (n) for b, n ≥ 2 and 2|b, as follows:
is defined by 1. If t i = b, t j = 0 for all 1 ≤ j < i.
2. t n ≤ b − 1.
3. If t n = b − 1, then t 1 ≤ 1 and all t i = 0 for i = 1, n.
Then we obtain the following theorem:
Theorem 5.4. Let b, n ≥ 2 and 2|b. Then we obtain
Corollary 5.5. In a similar way, we obtain the explicit form of the Apery set of Cunningham numerical semigroups for n = 0 and n = 1.
1. If n = 0 and 2|b, Ap(SC + (b, 0), s 0 ) = {t 1 s 1 |t 1 ∈ {0, 1}} = {2, b + 1} since s 1 ≡ 1 (mod 2) and {0, 1} is a complete system of residues modulo 2. Hence, we obtain 6 The Results of the semigroups {b b n+i + 1|i ∈ N} for 2|b Example 6.3. Let us consider the case of Fermat number. We know that {2 2 n+i + 1|i ∈ N} = {2 2 n +1, 2 2 n+1 +1} and it implies that Ap(SF (2, n), s 0 ) = {0, s 1 , 2s 1 , · · · , (2 2 n )s 1 }. Hence F (SF (2, n)) = 2 3·2 n − 1 and g(SF (2, n)) = 2 3·2 n −1 .
